We construct efficient banks of templates suitable for directed searches of almost monochromatic gravitational waves originating from spinning nuetron stars in our Galaxy in data being collected by currently operating interferometric detectors. We thus assume that the position of the gravitationalwave source in the sky is known, but we do not assume that the wave's frequency and its derivatives are a priori known. In the construction we employ simplified model of the signal with constant amplitude and phase which is a polynomial function of time. All our template banks enable usage of the fast Fourier transform algorithm in the computation of the maximum-likelihood F-statistic for nodes of the grids defining the bank. We study and employ the dependence of the grid's construction on the choice of the position of the observational interval with respect to the origin of time axis. We also study the usage of the fast Fourier transform algorithms with non-standard frequency resolutions achieved by zero padding or folding the data. In the case of the gravitational-wave signal with one spindown parameter included we have found grids with covering thicknesses which are only 0.1%-16% larger than the thickness of the optimal two-dimensional hexagonal covering.
I. INTRODUCTION AND SUMMARY
Rotating neutron stars in our Galaxy are expected sources of almost monochromatic gravitational waves which are looked for in the data being collected by currently operating ground-based interferometric detectors LIGO [1] , Virgo [2] , GEO600 [3] , and TAMA [4] . In the present paper we consider the problem of construction of efficient banks of templates needed to detect gravitational-wave signals originating from spinning neutron stars. We assume that the problem of detection of the signal and of estimation of its parameters is based on the maximum-likelihood (ML) principle and we also assume that the noise in the detector is Gaussian and stationary (the detailed exposition of the ML detection in Gaussian noise can be found e.g. in Chapter 6 of the monograph [5] , see also [6] and the review article [7] ). Data analysis tools and algorithms needed to perform, within the ML approach, an all-sky search for almost monochromatic gravitational-wave signals (i.e. the search which assumes that the position of the source in the sky is not known) were developed in detail in the series of papers [8] [9] [10] [11] [12] (see also Refs. [13, 14] ). In our paper we restrict ourselves to directed searches for almost monochromatic signals, i.e. we assume that the position of the source in the sky is known. We do not assume however that the frequency and the spindown parameters of the gravitational-wave signal are known. Directed searches should thus be distinguished from targeted searches, in which it is additionally assumed that the frequency and the spindown parameters of the gravitational wave are also known (see Refs. [15, 16] for discussions of statistics by means of which one can test whether data contains such signal). Several targeted searches were already performed with data collected by the LIGO and GEO600 detectors [17] [18] [19] [20] [21] .
In the ML approach one considers the likelihood ratio Λ[x; θ] which is a function of the data x and the parameters θ of the gravitational-wave signal we are looking for. Detection of the signal relies on the computation of Λ[x; θ] maximized over all possible values of the parameters θ and comparing this maximum with a threshold. In the case of directed searches the unknown parameters θ can be divided into two groups, θ = (A, ξ). The first group A consists of four extrinsic or amplitude parameters: an overall amplitude of the waveform, its initial phase, the polarization angle of the wave, and the inclination angle of the star's rotation axis with respect to the line of sight. The second group ξ contains intrinsic or phase parameters: the frequency of the wave and the spindown parameters. Maximization of the Λ with respect to amplitude parameters A can be done analytically (by solving the set of ML equations ∂Λ/∂A = 0 with respect to A) and the F -statistic is defined as the logarithm of the likelihood ratio Λ after replacing in Λ the amplitude parameters A by their ML estimatorsÂ: F [x; ξ] := ln Λ[x;Â, ξ]. Maximization of the F -statistic over the phase parameters ξ can be done only numerically. To find this maximum one needs to construct a bank of templates in the space of the parameters ξ on which the F -statistic depends. The bank of templates is defined by a discrete set of points, i.e. a grid in the parameter space chosen in such a way, that for any possible signal there exists a grid point such that the expectation value of the F -statistic (which is a random variable as it depends on the detector's noise which is a stochastic process) computed for the parameters of this grid point is not less than a certain fixed minimal value (assuming that the minimal value of the signal-to-nise ratio is also a priori fixed).
In the series of papers [8] [9] [10] [11] [12] it was argued and checked by numerical simulations that in the case of an all-sky search in the construction of the bank of templates one can employ a simplified model of the gravitational-wave signal, the so called linear phase model, in which the amplitude of the signal is assumed to be constant and the signal's phase is a linear function of the unknown parameters (this model was introduced in Sec. V B of Ref. [9] ). In Sec. V E of [9] it was checked that the linear model reproduces well the covariance matrix (defined as the inverse of the Fisher matrix) for the ML estimators of the signal's parameters of the exact gravitational-wave signal. Also in Ref. [9] (Sec. V D and Appendix C there) the polynomial phase model was introduced in which the signal's amplitude is constant and the phase is a polynomial function of time. It was found (in Sec. V E of [9] ) that the polynomial phase model reproduces very well the covariance matrix of the signal's parameters of the exact model in the case of directed searches. This indicates that the polynomial model can be used in the construction of the banks of templates for directed searches and this model is accepted in the present paper.
In the current paper we assume that the observational interval is of the form t i −T o /2; t i +T o /2 (where T o is the length of observation time), and we study the dependence of the construction of banks of templates on the choice of the parameter t i (or its dimensionless version χ i := t i /T o ) which fixes the position of the observational interval with respect to the origin of time axis.
The organization and the main results achieved in the paper are as follows. In Sec. II we introduce the polynomial phase model of the gravitational-wave signal. We consider here the phase with only one spindown parameter included. For this model we compute the F -statistic and its expectation value in the case when the data contains the gravitational-wave signal. This expectation value depends [see the crucial Eq. (2.33) below] on the signal-to-noise ratio ρ and on the value of the autocovariance function C 0 (ξ, ξ ′ ) of the F -statistic (the subscript '0' indicates that the autocovariance is calculated in the case when data is a pure noise) computed for the intrinsic parameters of the template (ξ) and the gravitationalwave signal (ξ ′ ), respectively. The signal-to-noise ratio ρ we can not control, therefore to construct bank of templates one needs to choose some minimum value C min of the autocovariance function C 0 and look for such a grid of points that for any point ξ ′ in the intrinsic parameter space there exists a grid node ξ such that the autocovariance C 0 (ξ, ξ ′ ) computed for the parameters ξ and ξ ′ is not less than C min . The autocovariance C 0 (τ ) (for polynomial phase model it depends on ξ, ξ ′ only through the difference τ := ξ − ξ ′ ) can be expressed in terms of Fresnel integrals or one can use an approximate formula for C 0 by taking the Taylor expansion (up to the secondorder terms) of C 0 around its maximum at τ = 0. In Fig.   1 and Table I we compare these two ways of computing the autocovariance.
In Sec. III we consider banks of templates necessary to perform detection of almost monochromatic gravitational-wave signals with polynomial phase. We first formulate the problem of constructing bank of templates as a problem of finding optimal covering of the signal's parameter space by means of identical ellipses (defined as isoheights of the autocovariance function C 0 of the F -statistic) and introduce some mathematical notions related with coverings. We are interested in such searches for almost periodic gravitational-wave signals for which the number of grid points in the parameter space is very large and the time needed to compute the F -statistic for all grid nodes is long. Then it is crucial to use in the computation the fast numerical algorithms. Because the computation of the F -statistic involves calculation of the Fourier transform, one would like to use the fast Fourier transform (FFT) algorithm. As is known, the FFT algorithm computes the values of the discrete Fourier transform (DFT) of a time series for a certain set of discrete frequencies called the Fourier frequencies. Thus it will be possible to use the FFT algorithm in computation of the F -statistic, provided the grid points will be arranged in such a way, that the frequency coordinates of these points will all coincide with the Fourier frequencies. We have constructed two different families of grids which fulfill this requirement. Our constructions were motivated by a simple observation (see Fig. 1 ) that the shape of the autocovariance ellipse strongly depends on the value of the parameter χ i : the larger |χ i | is, the more alongated (along the frequency axis) this ellipse is. The usage of alongated ellipses suggests that the F -statistic could be computed for smaller number of frequency values than the standard DFT algorithm computes. Therefore we have employed some modifications of the DFT algorithm leading to non-standard frequency resolutions achieved by zero padding or folding the data (this is discussed in Appendix A). Details of the grids construction are presented in Appendix B, where also the components of the basis vectors spanning the grids are given (in Tables III-V) .
The construction of efficient banks of templates for gravitational-wave searches was recently discussed in Ref. [22] (see also [23] [24] [25] [26] ), where random template banks and relaxed lattice coverings were considered. As explained above we are interested in searches involving data streams so long, that the time performance of the search crucially depends on the ability of using the FFT algorithm. This enforces the above-mentioned constraint which is not fulfilled by the grids considered in Ref. [22] . Therefore our work can be considered as being complementary to the studies performed in Ref. [22] . The grid fulfilling the constraint was constructed in Sec. IV of Ref. [12] in the case of all-sky search for almost monochromatic gravitational waves. In the search considered in [12] the signal's parameter space is 4-dimensional and the polynomial phase model can not be employed. However, in Sec. IV C of [12] , as an example of application of general algorithm devised in [12] to construct constrained grids, the two-dimensional grid for searches of signals with polynomial phase is considered. This grid has thickness equal to ∼1.8, whereas grids constructed in the current paper have thicknesses of ∼1.2 (all grids found by us have covering thicknesses which are only 0.1%-16% larger than the thickness of the optimal two-dimensional hexagonal covering).
In Sec. IV of the current paper we present the results of numerical simulations we performed to study the quality of grids constructed in Appendix B. These results are contained in Table II . From our simulations it follows that when considering the efficiency of a grid it is not enough to worry only about the thickness of the covering related with the grid. We see from Table II that for lattices which have the same thickness of covering, but one of them has basis vectors which are orthogonal to each other, the time used to compute the F -statistics is at least two times shorter than the corresponding time for the lattice with non-orthogonal basis vectors.
II. AUTOCOVARIANCE FUNCTION OF THE F-STATISTIC
We assume that the noise n in the detector is an additive, stationary, Gaussian, and zero-mean continuous stochastic process. Then the logarithm of the likelihood function is given by
where x denotes the data from the detector, h is the deterministic signal we are looking for in the data, and (· | · ) is the scalar product between waveforms defined by
where˜stands for the Fourier transform, * denotes complex conjugation, and S n is the one-sided spectral density (defined for frequencies 0 ≤ f < +∞) of the detector's noise n. We are interested in almost monochromatic signals, i.e. such signals for which the modulus of the Fourier transform is concentrated (for frequencies f ≥ 0) around some 'central' frequency f c > 0 and S n is a slowly changing function of f in the vicinity of the frequency f c . If both waveforms h 1 and h 2 in Eq. (2.2) have Fourier transforms concentrated around the same frequency f c , then we can replace S n (f ) in the integrand of (2.2) by S n (f c ) and, after employing the Parseval's theorem, approximate the scalar product by
(2.3)
so T o is the length of observation time, and t i − T o /2 is the moment at which the observation begins. The time averaging operator · is defined by
Using the formula (2.3) we can write the log likelihood ratio from Eq. (2.1) as
We restrict to almost monochromatic signals with frequency drift given by the linear-in-time relation,
so f 0 andḟ 0 is the frequency and the first derivative of the frequency with respect to time, respectively, both taken at the time t = 0. The instantaneous frequency is related to the phase Ψ of the signal by
Making use of Eqs. (2.6) and (2.7), we obtain the time dependence of the phase Ψ:
8) where Ψ 0 is the value of the phase Ψ at the time t = 0. It is convenient to define the dimensionless parameters
Using these parameters we can write the phase Ψ in the form
where
We further assume that the gravitational-wave signal h we are looking for has a constant amplitude h 0 , so it can be written in the form
Let us collect the parameters of the phase Φ into a 2-dimensional vector ξ,
Then the gravitational-wave signal h, Eq. (2.12), we can shortly write as
It is easy to maximize the likelihood ratio (2.5) for the signal (2.14) with respect to the parameters h 0 and Ψ 0 . To do this it is convenient to introduce the new parameters h 1 and h 2 : 15) and rewrite the signal h in the form
Making use of Eq. (2.16) and the identities 2 sin α cos α = sin 2α, cos
can represent the time average h 2 as
(2.17) For observation times longer than few hours and for almost monochromatic signals with frequency of the order of hundreds or thousands hertz, we can make approximation
Then Eq. (2.17) can be approximated by
With the aid of the equality (2.19) it is easy to compute the optimal signal-to-noise ratio ρ for the signal (2.16):
.
Substituting Eqs. (2.19) and (2.16) into Eq. (2.5), we get the following formula for the likelihood ratio:
To maximize ln Λ with respect to the parameters h 1 and h 2 we solve equations
The unique solution to these equations readŝ
Replacing in Eq. (2.21) the parameters h 1 and h 2 by their estimatorsĥ 1 andĥ 2 [given by Eqs. (2.23)], we obtain the reduced likelihood ratio which we call the F -statistic:
It is rather easy to rewrite the F -statistic in still another form,
Thus the F -statistic, up to a constant multiplication factor, is the modulus squared of the Fourier transform of the product of the data stream x(t) by the exponential factor exp −iω 1 t/T o 2 which depends on the spindown paramerer ω 1 .
For the construction of the bank of templates it is crucial to study the expectation value of the F -statistic (2.24) in the case when the data x contains some gravitational-wave signal h, i.e.
collects the parameters of the gravitational-wave signal present in the data [see Eq. (2.16)]. Let us denote this expectation value by E 1 (the subscript '1' means here that the average is computed in the case when the data contains some gravitational-wave signal), so we have
We want to obtain an approximate analytical formula for this quantity. Making use of the following approximations
28) after some computation we obtain
where ρ is the signal-to-noise ratio from Eq. (2.20). The right-hand side of the above equation can be rewritten in terms of the autocovariance function C 0 of the F -statistic (computed in the case when the data contains only noise); it is defined as
where m 0 is the signal-free average of F :
In Sec. IV of Ref. [10] it was shown that the autocovariance function C 0 computed for the gravitational-wave signal of the form (2.16) can be approximated by
therefore the expectation value (2.29) can shortly be written as
The phase Φ [see Eq. (2.11)] of the gravitational-wave signal (2.16) depends linearly on the parameters ξ, therefore the autocovariance function (2.32) depends only on the differences between the parameters ξ and ξ ′ :
If one introduces τ := ξ − ξ ′ , one can thus write
Let us note that the function C 0 attains its maximal value equal to 1 for τ = 0.
We will numerically compute the autocovariance function (2.35) in two ways. First, the right-hand side of Eq. (2.35) can be expressed (without any additional approximations) in terms of the Fresnel integrals:
where we have introduced the dimensionless variable
The Fresnel integrals are defined as 
We can also compute the right-hand side of Eq. (2.35) in an approximate way. To do this we expand (2.35) in Taylor series around τ = 0 up to terms quadratic in τ . Making use of the obvious equalities
we get
whereΓ is the 2-dimensional reduced Fisher information matrix with elements equal tõ
In terms of the dimensionless variable χ i the Fisher matrixΓ equalsΓ
In Fig. 1 we study the relation between the exact (2.36) and approximate (2.40) formulae for the autocovariance function. We have found (see the left panel of Fig. 1 ) that the approximate formula underestimates the value of the autocovariance function. In the right panel of Fig. 1 we plot the isoheights of the approximate autocovariance function and the isoheights of the fractional difference
One can see that always ∆C > 0 and for C e ≥ 0.75 the fractional difference ∆C < 4%. From Fig. 1 one can also see that whereas the isoheights of the approximate autocovariance C a are perfect ellipses, the isoheights of the exact autocovariance C e are closed curves of shapes very similar to that of ellipses. Therefore it is reasonable to study the value of the approximate autocovariance along the isoheight C e = const of the exact autocovariance. We have done this for the several values of C e . Along each C e = const curve the values of the approximate autocovariance are smaller than C e and they are almost the same. We have picked up the largest value out of them and these values are given in Table I together with the corresponding values of C e and the fractional difference between C a and C e . The following cubic fit,
reproduces the relation C e = C e (C a ) with accuracy better than 0.04% for 0.55 ≤ C a ≤ 1.00.
III. BANKS OF THE TEMPLATES
To search for the gravitational-wave signal (2.14) in detector's noise we need to construct a bank of templates in the space of the parameters (ω 0 , ω 1 ) on which the Fstatistic [given in Eq. (2.24)] depends. The bank of templates is defined by a discrete set of points, i.e. a grid in the parameter space chosen in such a way, that for any possible signal there exists a grid point such that the expectation value of the F -statistic computed for the parameters of this grid point is not less than a certain fixed minimal value. From Eq. (2.33) we see that this expectation value depends on the signal-to-noise ratio ρ and on the value of the noise autocovariance function C 0 computed for the intrinsic parameters ξ and ξ ′ of the template and the gravitational-wave signal, respectively. In the rest of this paper we will approximate the autocovariance function C 0 by means of the formula (2.40), i.e. we will use the equality
The signal-to-noise ratio ρ we can not control, therefore to construct the bank of templates one needs to choose some minimum value C min of the autocovariance function C a and look for such a grid of points that for any point ξ ′ in the (ω 0 , ω 1 ) plane there exists a grid node ξ such that the autocovariance C a computed for the parameters ξ and ξ ′ is not less than C min . Because C a depends on ξ, ξ ′ only through the difference ξ − ξ ′ , we require that
By virtue of Eq. (2.40) this condition leads to the inequality
which for the fixed ξ is fulfilled by all points ξ ′ which belong to an ellipse with the center located at ξ.
Wa want to find the optimal grid fulfilling the requirement (3.1), i.e. the grid which consists of possibly smallest number of points. Thus the problem of finding the optimal grid is a kind of covering problem, i.e. the problem to cover the (ω 0 , ω 1 ) plane (or, in data analysis case, the bounded region of the plane) by the smallest number of identical ellipses. The thorough exposition of the problem of covering n-dimensional Euclidean space by identical spheres is given in Chap. 2 of Ref. [27] .
We restrict ourselves to grids which are lattices, i.e. to grids with nodes which are linear combinations (with integer coefficients) of two basis vectors. If the vectors (P 0 , P 1 ) are the basis vectors of a lattice, then a fundamental parallelogram (for the case of more than two parameters it would be a parallelotope) is the parallelogram consisting of the points
A fundamental parallelogram is an example of a fundamental region for the lattice, which when repeated many times fills the plane with one lattice point in each copy. The quality of a covering can be expressed by the covering thickness θ which is defined as the average number of ellipses that contain a point in the plane. For lattice coverings their thickness can be computed as θ = area of one ellipse area of fundamental region .
We assume that we are interested in such searches for almost monochromatic gravitational-wave signals for which the number of grid points in the parameter space is very large and the time needed to compute the F -statistic for all grid nodes is long, so it is crucial to use in the computation the fast numerical algorithms. Because the computation of the F -statistic involves calculation of the Fourier transform [see Eq. (2.25)], one would like to use the fast Fourier transform (FFT) algorithm. The FFT algorithm computes the values of the discrete Fourier transform (DFT) of a time series. The values of the DFT are defined for a certain set of discrete frequencies called the Fourier frequencies. It will thus be possible to use the FFT algorithm in computation of the F -statistic, if the grid points will be arranged in such a way, that the frequency coordinates of these points will all coincide with the Fourier frequencies. We have constructed two different families of grids which fulfill this requirement, details of the construction are presented in Appendix B. In the construction we have explored observation that the shape of the autocovariance ellipse strongly depends on the value of the parameter χ i : the larger |χ i | is, the more alongated (along the ω 0 -axis) this ellipse is (see Fig. 1 ). But the usage of alongated enough ellipses suggests that the F -statistic could be computed for smaller number of frequency values than the standard DFT algorithm computes. Therefore we have employed some modifications of the DFT algorithm.
Le the data collected by a detector form a sequence of N samples changes. In Appendix A we consider two such modifications: (i) zero-padding of the data, which makes the DFT more dense; (ii) folding of the data, which diminishes the frequency resolution. Therefore we study banks of templates which are compatible with the frequency resolutions of the form
As explained in Appendix A, ℓ = 0 corresponds to zeropadding of the data (for N data points we add N zeros), ℓ = 1 is a pure DFT of N -point data stream, for ℓ = 2 the data is folded two times and for ℓ = 3 the data is folded four times. Let (P 0 , P 1 ) be the basis vectors of a lattice we consider. As explained above we want to use the DFT algorithm, therefore we need a such bank of templates that all nodes can be arranged along straight lines parallel to the ω 0 -axis. Moreover, the distance between neighboring nodes along these lines must be equal to the frequency resolution (3.7) of the DFT algorithm. To fulfill this constraint we require that the vector P 0 has components
Let us also denote the components of the second basis vector P 1 as
We will call the grid orthogonal, if P 0 · P 1 = 0, where dot denotes the usual Euclidean scalar product. The grid spanned by the vectors (3.8) and (3.9) is thus orthogonal if and only if δω 0 = 0. In Appendix B we have constructed two different families of grids fulfilling the constraint (3.8). Construction of the grids denoted by G 1,ℓ (for ℓ = 0, 1, 2, 3) is described in Appendix B 1, the grids G 2,ℓ and G 
IV. TIME PERFORMANCE OF THE GRIDS
We have made a number of numerical simulations to study the performance of the grids constructed in Appendix B. All computations were done for N = 2 19 = 524288 data points. For the sampling period ∆t = 0.5 s (i.e. for the Nyquist frequency equal to 1 Hz) this corresponds to around three days of data. The dimensionless first spindown parameter ω 1 we have taken to be nonpositive and in the range ω 1 ∈ −3000; 0 . The discretein-time version of the F -statistic [its continuous-in-time form is given in Eq. (2.25)] reads
where the discrete data stream points are defined as In the case of non-orthogonal grids the point in the parameter space with coordinates (ω 0 = 0, ω 1s ) usually is not a grid node for s = 0; the grid node with the smallest ω 0 -coordinate is (mod(s δω 0 , ∆ω 0 ), ω 1s ), where mod(m, n) is the remainder on division of m by n. It means that for the fixed value of s = 0, before computing the DFT one has to multiply the uth data point by an extra exponential factor exp[−i mod(s δω 0 , ∆ω 0 )u/N ].
Collecting all this information together one can finally show that the F -statistic evaluated on the grid point defined by the integers (r, s) [introduced in Eqs. (4.2) and (4.3)] can be written as
In our numerical simulations we have used the FFT algorithm 2 with different frequency resolutions given in Eq. (3.7). In Table II we have shown the results of simulations in which we have studied, for different types of grids, the time needed to compute the F -statistic for all grid nodes and the number of Fourier transforms performed during the computation. 3 We have also shown the thicknesses θ of coverings for different grids.
Let us remind that in two dimensions the optimal covering (without any constraint imposed) is the hexagonal covering with thickness θ equal to 2π/(3 √ 3) ∼ = 1.2092. The grids presented in Table II have all thicknesses in the range 1.2106 θ 1.3990, so they are greater than the optimal hexagonal covering thickness by ∼0.1% to ∼15.7%. From inspection of Table II The data from the detector form the sequence
so N is the number of data points. The discrete Fourier transform (DFT) of the data (A1) is defined as
(A2) The DFT defined above computes the Fourier transform of the data stream (A1) at frequencies
where ∆t is the sampling period and f N is the Nyquist frequency. The frequency resolution of the DFT (A2) is thus
Zero padding
Let us now consider the 2N -point data stream (y r ) which consists of the original N -point data stream (x r ), Eq. (A1), supplemented by N zeros,
By virtue of formula (A2), the DFT of the data (y r ) reads
(A6) Making use of Eqs. (A2) and (A3) one easily sees, that the numbersỹ s can be interpreted as the values of the DFT of the original data stream (x r ), but computed now for frequences
so the frequency resolution of the DFT (A6) is
Of course one can add more zeros to the data to obtain their DFT with the frequency resolution better than this given in Eq. (A8).
Folding of data
Let us fold the N -point data stream (x r ) to the (N/2)-point data stream (y r ),
The DFT of the data (y r ) reads, according to Eq. (A2),
It is not difficult, employing the periodicity of the function exp(iz) for real z, to rewrite formula (A10) in the form
Again making use of Eqs. (A2) and (A3) one sees, that the numbersỹ s can be interpreted as the values of the DFT of the original data stream (x r ), but computed for frequences
so the frequency resolution of the DFT (A11) is
By folding the data p times (p = 1, 2, . . .) one gets (N/p)-point data stream the DFT of which is the DFT of the original N -point data but computed with the frequency resolution ∆ω 0 = 2 p × 2π.
Appendix B: Construction of the grids in the parameter space
Grids G1
In this appendix we construct a family of grids by construction of their fundamental regions of parallelogram shape. The fundamental parallelograms are always inscribed into the ellipse of constant value of the autocovariance function [this ellipse is given by Eq. (3.
2)] and their construction ensures that the constraint (3.7) is fulfilled.
a. Construction of the fundamental parallelogram
Let us denote the coordinates of the parallelogram vertexes we are looking for by (ω
Bases of the parallelogram we choose to be parallel to the ω 1 axis, so the ω 0 coordinates of the vertexes can be written as 
Area of the parallelogram with the vertexes given above is equal to
Making use of Eqs. (B3) we get the area S as a function of the parameters χ i and k: 
We can compute the area of the parallelogram for this optimal value of k:
It does not depend on the vaule of χ i . It can be shown that the value S max given above is also the global maximum of the function S = S(χ i , k).
The dependence S = S(χ i , k) is illustrated in Fig. 2 . It is easy to show that for any value of k > k min , where
we can find two values of χ i for which the maximal area S max is achieved. These values one obtains solving the equation S(χ i , k) = S max . The solutions read
For k = k min we get only one solution χ i (k min ) = 0.
b. Construction of the grids
We want to use the FFT algorithm in the computation of the F -statistic for all grid nodes, therefore we need such a grid that (i) all grid points can be arranged along straight lines parallel to the ω 0 -axis, and (ii) the distance between neigbouring points along these lines is kπ, where k = 2 ℓ , ℓ = 0, 1, 2, 3 [see Eq. (3.7)]. It is not difficult to construct an orthogonal lattice fulfilling these requirements. Let the lattice be spanned by the vectors (P 0 , P 1 ). The first basis vector P 0 is parallel to the ω 0 -axis and has components P 0 := (kπ, 0), so its length is equal to the height of the fundamental parallelogram. The second basis vector P 1 is chosen to be parallel to the ω 1 -axis and has length equal to the length of the parallelogram's base. The ω 1 -component of the vector P 1 can easily be obtained from Eqs. (B3). One finds that P 1 = (0, δω 1 ), where
In the construction of the fundamental parallelogram presented above (in Appendix B 1 a) we have ensured that the autocovariance between the center of the fundamental parallelogram and any of its vertexes is equal to C i min . In the bank of templates spanned by the vectors P 0 and P 1 the minimum value [taken over all points in the (ω 0 , ω 1 )-plane] of the maximum (taken over all grid points) autocovariance between any point in the (ω 0 , ω 1 )-plane and all the grid points is not less than C i min . It turns out that usually it is greater than C i min . Let us denote this minimum value of the autocovariance by C min , then C min C i min . To find the value of C min we should first find the Voronoi cell of the grid. 4 To do this let us first choose two neighbouring grid nodes and find all points in the (ω 0 , ω 1 )-plane such that the autocovariance between the point and one of the chosen nodes is equal to the autocovariance between the point and the second node. All such points belong to the border between neighbouring Voronoi cells. We repeat this construction for all nodes which are neighbours of the chosen node. Points where borders cross each other are vertexes of the Voronoi cell and at these vertexes the autocovariance takes its minimum value. In Fig. 3 we have shown, for different values of the parameter k, the relation between the initial minimum value C i min and the final minimum value C min of the autocovariance.
Grids G2
Constructions of the grids G 2 were inspired by the existence of the optimal hexagonal covering by circles of the 2-dimensional Cartesian space R 2 and they can be treated as some deformations of this covering. To employ the properties of the hexagonal covering we firstly translate, by means of a linear transformation, the problem of covering the (ω 0 , ω 1 )-plane by identical ellipses to the problem of covering the (ω We start from constructing a linear transformation (described by a matrix M) which converts the ellipse of the autocovariance function into the circle of unit radius. The matrix M transforms a point with coordinates (ω 0 , ω 1 ) into the point with coordinates (ω 
The linear transformation (B11) converts the ellipse (B12) into the circle of unit radius provided the matrix M fulfills the condition can be interpreted as its Cholesky decomposition, which states that there exists the unique upperdiagonal matrix M fulfilling Eq. (B13). In the rest of this subsection we will assume that the matrix M is the result of the Cholesky decomposition (so it is an upperdiagonal matrix). Let us also note that the matrix M depends on the parameters χ i and C min .
Let P 0 be the vector in the (ω 0 , ω 1 )-plane parallel to the ω 0 axis and with length equal to kπ, so its (ω 0 , ω 1 )-components are P 0 = (kπ, 0). After transformation to the (ω 
The construction of the second basis vector P ′ 1 of the lattice in the (ω ′ 0 , ω ′ 1 )-plane is described in details below. When this vector is found, we take its image in the transformation inverse to that from Eq. (B11), it defines the second basis vector in the (ω 0 , ω 1 )-plane,
For the lattices constructed below the components of the basis vectors P 1 depend on the parameter χ i , therefore for different values of this parameter we get different lattices, but, as we checked, all these lattices have (for the fixed ℓ) the same value of covering thickness. Moreover, we can always choose such value of χ i that the vectors P 0 and P 1 will be orthogonal. In Table IV we give the components of the basis vectors (P 0 , P 1 ) for non-orthogonal grids G 2,ℓ (for ℓ = 0, 1, 2, 3) defined by choosing χ i = 0. Table V contains the components of the vectors (P 0 , P 1 ) for orthogonal grids G 
The second basis vector P ′ 1 is chosen to be parallel to one of the sides of the triangle G, see Fig. 4 . We demand that the ratio of the length L of this side and half of length P0 and P1 defining the orthogonal grids G 1,ℓ (ℓ = 0, 1, 2, 3) for Cmin = 0.75 (which corresponds to C e min = 0.7737). The covering thicknesses θ of the grids G 1,ℓ are shown in Table II n = 1, 2, . . .) . For the fixed n this requirement fixes the both coordinates of the point O and thus it determines the vector P ′ 1 uniquely. Usually we obtain several possible values of n. We choose this value which leads to lattice with the smallest covering thickness θ. 
where p and q are positive numbers fulfilling the condition
Because (see Fig. 5 )
by virtue of Eq. (B14) (taken for k = 1) we get
Making use of Eqs. (B18), (B20) and the equality (see Fig. 5 )
one easily obtains the (ω 
